The Weyl and Minkowski Problems, Revisited

Pengfei Guan

The Weyl and Minkowski problems are two inspiring sources for the theory of Monge-
Ampere equation and fully nonlinear equations in general. The seminal works of Nirenberg
[23], Pogorelov [25, 28] and Cheng-Yau [6] played important role in the development of
geometric fully nonlinear PDEs. Though these two problems were solved longtime ago,
there are many important geometric problems of current interest can be traced back
to them. We discuss some recent work which are closely related to these two classical
problems:

a. The intermediate Christoffel-Minkowski problem;
b. Isometric embedding of surfaces to 3-dimensional Riemannian manifolds.

The emphasis here is on issues of reqularity and convezity estimates for solutions of non-
linear PDEs.

1. The Minkowski problem

The classical Minkowski problem was considered by Minkowski in [22]. Suppose M
is a closed strongly convex hypersurface in the Euclidean space R"*!, the Gauss map
v: M — S" is a diffeomorphism, where at any point p € M, v(p) is the unit outer normal
at p. Let us denote k = (K1, -+, Kky) to be the principal curvatures and K = k1 - - - K, the
Gauss curvature of M respectively.

The Minkowski problem: given a positive function @ on S™, find a closed strongly
convez hypersurface whose Gauss curvature is K = % as a function on its outer normals.

By the Divergence Theorem, ¢ has to satisfy equation

ZT; = .
1.1 o = = -E;=0,i=1,... 1
( ) /nx’LSO Sn K(x) /MV (3 7Z I 7n+ )

where x; are the coordinate functions and EZ is the standard ith coordinate vector of S™.

The problem has been completely solved by Nirenberg [23] and Pogorelov [25] when
n = 2, and by Cheng-Yau [6] and Pogorelov [28] for general dimensions.
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THEOREM 1. Suppose ¢ € C*(S"),p(x) >0, V z € S", and satisfies equation (1.1),
then there is a C3*(V 0 < a < 1) strongly convex hypersurface M in R such that

-1 1 . . .

K(vy (z)) = @ VxS M is unique up to translations.

Key to the proof of Theorem 1 is the a priori estimate of solutions to the problem.
The problem can be deduced to a Monge-Ampere equation on S™.

Let’s start with basic relationship between the convex body in R™*! and its support
function. A C? closed hypersurface M in R™*! is called strongly convex if its Gauss
curvature is positive everywhere. The Hadamard Theorem indicates that M is a boundary
of a bounded convex domain. In turn, M can be parametrized by its inverse Gauss map
over S" with

-1
y(x) = vy (o).
The support function of M is defined as
u(z) =supx-z=x-y(x), Ve e S".
zeM
Extending u as a homogeneous function of degree one in R"*!\ {0}, u is then a convex
function in R™"*!. Since (%”j is tangent to M for all j, and = = vps(y) is normal to M, we
have z - 8873’ = 0 for all j. It follows that
J

(1.2) vy (2) = y(z) = Vgnriu(z).

Therefore, M can be recovered completely from u by above equation.

Let enp+1 = x be the position vector on S™, let ey, --- , e, is an orthonormal frame on
S™ so that eq,--- ,ent1 is a positive oriented orthonormal frame in R, Let w® and w;-
be the corresponding dual 1-forms and the connection forms respectively. We have

n n
dej = — ZW;'@@', Vi=1,2,---,n, and depty1 = Zwiei.
i=1 i=1
If w is a support function of M, by (1.2) the position vector of M as a function on S"
is .
y(z) = Z Uie; + Uepni1.
i=1
One calculates that
(1,3) dy = Z(UZ] + uéij)ei X wj
12
The identity (1.3) indicates that the differential dy maps T,(S™) to itself and it is
self-adjoint. We have

(1.4) dy = (dvar) ™,

so that the reverse Weingarten map at x coincides with the inverse of the Weingarten
map at y. Since the eigenvaules of the Weingarten map are the principal curvatures
k= (K1, - ,Kkp) of M at y, the eigenvalues of reverse Weingarten map at x = v/(y) are
exactly the principal radii at y.
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Conversely, if u(z) is a C? function on S™ with (u;; +ud;;) > 0, it is a support function
of M defined as

(1.5) M = {Vgnrru(z)|z € R™\ {0}} = {Z ui(z)e;(x) + u(x)ept1(z)|x € S*}.
i=1

Equation (1.2) implies that u is C2 if M is C? and its Gauss curvature is positive.
In summary,

PROPOSITION 1. A strongly convex hypersurface M in R* is C? if and only if its
support function u is in C*(S") with (ui; + ud;j) > 0. The eigenvalues of (u;j + ud;;) are
the principal radii of M (parametrized by the inverse Gauss map over S™).

In particular, the Gauss curvature K of M satisfies equation
1
(1.6) det(ui; + ud;j) = T on S™.

Furthermore, any function u € C*(S™) with (u;; + ud;;) > 0 is a support function of a C?
strongly convex hypersurface M in R**+1.

The proof Theorem 1 is method of continuity. Here we illustrate on how to obtain
C? estimates for the solutions, setting a stage to dealing with the Christoffel-Minkowski
problem in the next section.

For a solution u of equation (1.6), u + Z?ill a;x; is also a solution. By proper choice
of {a;}!"{, we may assume that u satisfies the following orthogonality condition:

(1.7) / ziudr =0, Vi=1,2,...,n+ 1.

If w is a support function of a closed hypersurface M which bounds a convex body €2,
condition (1.7) implies that the Steiner point of Q coincides with the origin. First is the
upper bound of the extrinsic diameter of M [6].

LEMMA 2. Let M € C?, M be a closed convex hypersurface in R"!, and let ¢ = %
If L is the extrinsic diameter of M, then

n+1

vl [ o) (g [ mexomanee)

where ¢, 1s a positive constant depending only onn. In particular, if u is a support function
of M satisfying (1.6) and (1.7), then

n+1

-1
0 <minu < maxu < ¢ (/ <p> < inf max(0, (y, x>)<p(x)> .

yeSn sn

PROOF. Let p,q € M such that the line segment joining p and g has length L. We
may assume 0 is in the middle of the line segment. Let ¢ be a unit vector in the direction
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of this line. Let v be the support function and W = {v;; + vd;;}. We have o,(W) = ¢.
Now, for x € S™, we get

1

u(z) = sup (Z,z) > —Lmax(0, (y, z)).
zeM 2

If we multiply by ¢ and integrate over S", we get

b o[ oo ([ mstmans)

As [ uon, (W) = Vol(Q) and [g, 0,,(W) is the surface area of M = 99, by the isoperi-
metric inequality,

(/n uon (W))#1 < Cn(/ (W)

In turn, we get
n+1

pee ([ ) (g [ oo )

If u satisfies (1.7), the Steiner point of M is the origin. The last inequality is a
consequence of the above inequality. Il

We precede to obtain C? estimate, using the fact that det%(W) is concave.

PROPOSITION 2. There is a constant C' > 0 depending only on n, ||K||c2gny and
ming» K, such that if u satisfies (1.7) and u is a solution of (1.6), then [lullc2@gny < C.
There is an explicit bound for the function H := trace(u;; + d;j;u) = Au + nu,

(18) min(ng(2)) < max H(z) < max(n(z) — AG(z),

where @ 1= (p%.

PROOF. Since (u;;+0;;u) is positive definite, it is controlled by its trace by H. The first
inequality follows from the Newton-MacLaurin inequality. Assume the maximum value of
H is attained at a point zg € S™. We choose an orthonormal local frame eq, e, ..., e,, near

i
xg such that w;;(xo) is diagonal. If W = (u;; + d;5u), we define G(W) := o (W). Then
equation (1.6) becomes

(1.9) GW)=¢.

By the commutator identity H;; = AWy — nWy; + H and the assumptio'n that the matrix
W >0, so (GY) = (aav?/?j) is positive definite. Since (H;;) < 0, and (G") is diagonal, by
the above commutator identity, it follows that at z,

(1.10) 0> GYHy; = GH(AWy) —nG"Wy + HY  G".

As (G is homogeneous of degree one, we have

(1.11) G"Wi; = .
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Next we apply the Laplace operator to equation (2.4) to obtain
GIWij, = Vi,  GI Wi Wgp + GY AW = Ag.
By fact that G is concave, at z,
(1.12) GUN(Wy) > Ap.
Combining (1.11), (1.12) and (1.10),

n
(1.13) 0>A¢—np+HY G"
i=1
As W is diagonal at the point, we may write W = (Wi, ..., W,,;,) as a vector in R™. A

simple calculation yields
n

ZGn’ _ Un—ll(W) > 1,

i=1 now " (W)
the last inequality follows from the Newton-MacLaurin inequality.
By (1.13), we have H < ng — A@. O

This ends the a priori estimates for solutions of the Minkowski problem. It will serve
as an introduction to the intermediate Christoffel-Minkowski problem in the next section.

2. The Christofell-Minkowski problem, regularity and convexity

The Minkowski problem was originated by Minkowski [22] related to the notions of
area measures and curvature measures in convex geometry. The problem of prescribing
area measures is called the Christoffel-Minkowski problem [29], we refer [9] (see also [8])
for the treatment of the problem of prescribing curvature measures.

For a convex body © C R™! with smooth boundary, the n-th area measure of the
convex body is %dVSn where K is the Gauss curvature of 9). For each 1 < k < n, the
k-th area measure of the body is o (W)dVgn (e.g., [29]), where oy, the k-th elementary
symmetric function. The problem of prescribing k-th area measure can be deduced to
solve the following Hessian type equation

(2.1) ok (uij(z) + udsj(x)) = ¢(x), Vo € S,
and
(2.2) W(x) = (uij(x) + diju(x)) > 0,Ve € S".

We recall definition of admissible solutions [5].
DEFINITION 3. For 1 <k <mn, let 'y is a convex cone in R"™ determined by
I'e={XAeR": o1(A\)>0,...,01(N\) > 0}.

u € C?(S") is called k-convez, if W(z) = {u;j(x) + u(x)d;;} € Tk for each x € S™. wu is
conver on S"™ if W is n-convex. Furthermore, w is called an admissible solution of (2.1),
if u is k-convex and satisfies (2.1).
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The first step is to obtain regularity estimates for admissible solutions of equation
(2.1).

2.1. A priori estimates. In the case of £ = 1, equation (2.1) is a linear elliptic
equation on the sphere. That C? a priori estimates hold for a solution u satisfying (1.7) in
this case follows from standard linear elliptic theory. Therefore, we will restrict ourselves
to the case k > 2. The proof of Proposition 2 can be adapted to get similar C? estimate
as in (1.8) for solutions of equation (2.1). This type of estimate can be used to obtain C?

estimate too, by a compactness argument.
1

Note that if W € I'y, the (861/‘[7/];-) is positive definite and of (W) is concave.

PROPOSITION 3. There is a constant C > 0 depending only on n, k, |¢llc2sny and
”%HCO(Sn), such that if u satisfies (1.7) and u is an admissible solution of (2.1), then
ullc2sny < C. There is an explicit bound for the function H := trace(u;j + djju) =
Au + nu,

: in(n@(z)) < < 5(z) — Ag

(2.3) min(ng(z)) < max H(z) < max(ng(z) — Ag(z)),
~ 1 nl

where @ 1= (Ci{g)k’ Ck = k!(nlk)!'

PROOF. Since the entries |u;;+0d;ju| are controlled by eigenvalues {A;}i; of (usj+6;;u).
The eigenvalues are controlled by H since (u;; + d;;u) € I'y, k > 2. Indeed,

n
Z)\? = H?— 20’2(’&1']' + 5”16)) < H2,
=1

as 02(uij + 0;5u)) > 0 when (uj + di5u) € Ty, k > 2.

The first inequality in (2.3) follows from the Newton-MacLaurin inequality. Assume
the maximum value of H is attained at a point zg € S”. We choose an orthonormal local
frame ey, e, ..., e, near xy such that w;;(xo) is diagonal. If W = (u;; + d;5u), we define
GW):= (%)%(W) Then equation (2.1) becomes
(2.4) GW)=¢o.

For the standard metric on S™, one may easily check the commutator identity H;; =
AWij — nWi; + H. By the assumption that the matrix W € I'y, so (G') is positive
definite. Since (H;;) <0, and (G¥) is diagonal, it follows that at zo,

(2.5) 0> GYH;; = G"(AWy) — nG Wi + HY G,

Next we apply the Laplace operator to equation (2.4) to obtain
GIWigk = Vi,  GIWipWoa, + GYAW; = A
By the concavity of G, at z, we have

(2.6) GUN (W) > Ap.
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As G"W;; = ¢, by (2.6) and (2.5),

(2.7) 0>A¢—np+HY G"
=1

As W is diagonal at the point, we may write W = (Wiy,..., W,,,) as a vector in R". A
simple calculation yields

1 1
_ o)~ dou (W) _ ow(W)E~! ,
T ent o eyt Y

Gii

where (WW|i) is the vector given by W with W;; deleted. It follows from the Newton-
MacLaurin inequality that

S G =(n—k+ 1)0’“((2;))11%_1(14/) > 1.
i=1 n)*

By (2.7), we have H < ng — Ag.
Finally, we claim u is bounded if it satisfying condition (1.7). Suppose this is not true,
there is a sequence wu; satisfying the equation with ||u|| — oo. We rescale, consider

U = W, it satisfies (1.7) and (2.3) with ||@;]|c2 — 0. By compactness, there is a
subsequence convergent to @ in Ch* satisfying (1.7) and A% + né = 0, with ||@| L~ = 1.
Contradiction. O

Once C? estimate is in hand, higher regularity estimates for admissible solutions of
equation (2.1) by the Evens-Krylov Theorem. The existence of admissible solutions to
equation (2.1) provided that ¢ satisfies (1.1) can be established [14].

The main question is when a solution of (2.1) is geometric. That is, when an admissible
solution wu satisfies the convexity condition (2.2). When k < n, an admissible solution
of (2.1) may not satisfy (2.2) in general. The following example is essentially due to
Alexandrov. Let

2
(2.8) u(z) =1-— "T“
where z,41 is the (n 4 1)-th coordinate function. It is straightforward to check that this
function satisfies

W(.CC) = (’U,Z](.T) + 5”11(1’)) >0,Vx € Sn,

The spherical Hessian W is positive everywhere except on the great circle x,+1 = 0, the
rank is n — 1 there. For 1 < k < n, there is §; > 0, such that us = u — d is an admissible
solution to equation (2.1) for some positive analytic function ¢, but one of eigenvalues of
W is negative on the great circle.

2.2. Convexity. The following theorem in [13] provides a sufficient condition for
convexity of solutions.
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THEOREM 4. Suppose u € C*(S") is a solution equation (2.1) with W, > 0. Suppose
© satisfies

(2.9) ((p_%)ij(fU) + 51‘]'90_% >0,Vr e S",
then W, > 0.
Set
da(W) 7 doy (W)
2.10 of — 0TS = S Ym =1, ,n.
(2:10) T oW T T awgow,, T

Theorem 4 can be deduced from the Minkowski identity and the following proposition
[13]. It is call the constant rank theorem, going back to the early works of Caffarelli-
Friedman [3] and Yau [30], see also [13, 4, 1].

PROPOSITION 5. Suppose u € C*(S") is a solution of (2.1) and W (x) > 0,Vx € S". Let
[ be the minimal rank of W (z) on S™ which is attained at xo and set ¢(x) = o1 (W (x)).
If ¢ satisfies condition (2.9), then there is a neighborhood O of xo and there are constants
C4,Cy depending only on ||ul|cs, |l¢llcri, n, k and oy(W(xo)), such that differential
inequality holds

(2.11) Zak 2)pap () < C1|Vh(2)| + Co9(x), Yz € O.

Recall that p(z) = ox(W(z)), and ¢(z) = o141(W(x)). Since W is positive semi-
definite and u is k-convex, (0},"”) is positive definite and (O‘l +1) is positive semi-definite.
One first observes that there are at least [ positive eigenvalues of W with a controlled lower
bound in a neighborhood O of z, and other (n —1{) eigenvalues are sufficient small. Let B
be that part of the index set so arranged such that the W;; might be small (controlled by ¢)
for i € B (see the proof below for the precise definition). In view of this observation, Wj; is
negligible for each ¢ € B. The basic idea in the proof of Proposition 5 is to to explore the
relationship between 7 5 ag'gqbaﬁ and @' % oy (W) Yol %)ii + 8iip % }. One of the key
terms to be handled will be ZZ o Ulij_lagaWima. With the help of some basic properties of
elementary symmetric functions, it turns out that some algebraic cancellations will occur
after commuting covariant derivatives and re-arranging the terms to fit the right algebraic
formats! Almost all of the computations in the proof are algebraic and the inequality in
Lemma 9 in Appendix will be used in a crucial way in the last step of the proof.

Proof the Proposition. For two functions defined in an open set O C S"*, y € O,
we say that h(y) < k(y) provided there exist positive constants ¢; and ¢ such that

(2.12) (h = k)(y) < (a1|Ve| + ca9) (y)-

We also write h(y) ~ k(y) if h(y) S k(y) and k(y) S h(y). Next, we write h < k if
the above inequality holds in O, with the constants ¢;, and ¢z depending only on ||u|cs,
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[l¢llc2, n and Cy (independent of y and O). Finally, h ~ k if h < k and k& < h. We shall
show that

n
(2.13) S 0tP6ap S 0.
a,f=1

For any z € O, let \; > Ao... > \,, be the eigenvalues of W at z. Since o;(W) > Cy > 0
and u € O3, for any z € S, there is a positive constant C' > 0 depending only on ||u|cs,
llollc2, n and Cy, such that A\; > Ag... > N\ > C. Let G = {1,2,...,l} and B = {i+1,...,n}
be the “good” and “bad” sets of indices respectively, and define op(W|i) = o, ((W]i))
where (W1i) means that the matrix W excluding the i-column and i-row, and (W|ij)
means that the matrix W excluding the 4, j columns and ,j rows. Let Ag = (A1,..., \))
be the ”"good” eigenvalues of W at z; for convenience in notation, we also write G = Ag if
there is no confusion. In the following, all calculations are at the point z using the relation
7 <” with the understanding that the constants in (2.12) are under control.

For each fixed z € O fixed, we choose a local orthonormal frame eq, ..., e, so that W
is diagonal at z, and W;; = A;,Vi = 1,...,n. Now we compute ¢ and its first and second
derivatives in the direction e,.

We note that O';il is diagonal at the point since W is diagonal. As ¢ = oy11(W) and

ba = ZZ] aliilﬂ/ija, we find that (as W is diagonal at z),

(2.14) 0~ ¢(z) ~ (O Wi)or(G) ~ Y Wis, (so Wy ~0, i€B),
i€B i€B
This relation yields that, for 1 < m </,
om(G), ifjeB.
om(Glij), ifi,j € G;
om(Wlij) ~ S om(Glj), ifieB,jeqG;
Um(G)v ifi,j € B,i# j.

(2.15) (W) ~ om(G),  on(W[j) ~ {

Also,
(2.16) 0~ ¢ ~ 01(Q) Z Wiia ~ Z Wiia
i€B i€eB
and
37 O'Z(G), lf’L:]GB,
2.17 Ty~
( ) i+ {0, otherwise.

O—Z—l(W’iT)v ifi:jﬂ":Sai#r;
(2.18) o} = —oa(Wlig), ifi#j,r=js=1;
0, otherwise.
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Since ¢aa = Z”(Ufi’{szaWya + UZ+1Wijaa), it follows from (2.18) that for any
a€{l,2,..,n}

boa = ZU[ 1(Wij)WiiaWija — ZO’Z 1(W1ig) ZJQ+ZJZ+1WZZW
i#£] iF£]

= (E +§ + E + g Yo 1 (Wi )WiiaWija
i€eG@  i€B ijeB  ijed
JEB  JEG i iy

(2.19) — Z+Z+ Z Z Yor—1(Wij) Ua—i—ZalHWuw

i€eG i€eB  i,jeB  i,jeCG
JEB JEG i) A

From (2.16) and (2.15),
(2'20) Zalfl(W’ij>WiiaWjja ~ Zal 1 GU jja ZWua ~
1€B jeG 1€EB
JEG
Since 0 < Wy, € C? for any unit vector field, by Lemma 12,
VWi (z)| < C\/Whm ().
This implies that

[VWii(2)] < C(v/Walw) + \ Wii (@

By (2.16), Vi € B fixed and Vo, therefore,

(2.21) > 011 (Wif) WiiaWija ~ 0.
i,jEB
and
(2.22) Z o1 (Wlig)W, z]a ~ Z o1-1(G[7)W, z]a
j€GiEB i€B,jeCG

Inserting (2.20)-(2.22) into (2.19), by (2.15) we obtain
(2.23) Gaa ~ Zal+1Wuaa QZUZ 1(G7)W, z]a

% i€B

JjeG
Thus,

Zakﬁ¢a5 - Z Uk: “Paa ~ Z Zal+lak tiaa

a=1 i

(2.24) —2§ § 01-1(G|j)oR Wi
acGi€B
jeaq
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By (2.14), (2.17) and homogeneity of o, and ;4 (since |B| =n —1)

ZZUI—HUk (Wis = Waa) = I+ 1)¢ZU,§‘ k‘PZUHl
a=1 =1 a=1
~ —k:goZo*fj_l ~ —(n —Dkpo(G).
i€B

Commuting the covariant derivatives, it follows that

n o n
E g Ufila?aWiiaa = g § O'l+1a'k Waaii + Wi — Waa)

a=1i=1 a=1i=1
(225) ~ Z Z Ul+10'k aau - (n - l)k@U[(G)
a=1 i=1
Differentiating equation (2.1), we get
Pii = Z Ugﬁ rsWaBzWrsz + Z Uk Wagii-
a,fB,r,s a,fB
(2.15) and (2.17) yield,

DD 0t0E Waais = >_ota{on — 32 of" " WasiWesi}
« 7 7

a7577‘7s

YOS FD D+ D ok 2 (WaB) WaaiWasi

i€EB aeG a€B  o,fEB o,BeG
BB Bec “akp “ars

(226) +@ii + Z Ok—2 W|O‘ﬁ) aﬁz}ol( )
7ﬂ 1
a#p

It follows from (2.15) and (2.16) that for 1 < m < n,

(2.27) Z om(W|aB)WaaiWpgi ~ [Z om(G|B)Wag) Z Weaai ~ 0

a€eB peG a€EB

BeG
In turn,

ZZUH—IUk Waaii ~ o1 )Z{%‘i— Z ok—2(GlaB)WssiWaai

a=1 i=1 i€B a,BeEG

a#p
n
(2.28) + Z oh—2(WlaB)Wig}.
a,B=1

o#B
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We note that |B| =n —1,s0 ) ,.pkep = (n —[)kp. Now inserting (2.28) and (2.25) to
(2.24), by (2.15) and (2.15) we have

Zagﬁqbaﬁ ~ JZ(G) Z(@m - kSO - Ul Z Z Ok—2 G‘O‘ﬁ)WaalWBBz
a,B

i€B i€B a,BEG
aFp
(229) —|'0'l ZZO’k 2 W|Oéﬁ ﬂz QZ Z g1-1 G’ﬁ Of— 1(W|Oé) zﬁa'
1€B a#£p a=1ieB,peCG

When «, 8 € G,a # 3, as W is diagonal,

01-1(G|B)ok-1(Gla) = 01-1(G|B)[ok-1(GlaB) + Wepor—2(Glap)]
(2.30) > 01-1(G|B)Wagor—2(Glapf) = 01(G)ok—2(Glas).

From (2.30), we get

Z Z 01(G)op_o(W]aB)W, 51722 Z 01-1(G|B)ok-1(Gla) W,

i€B a,feG i€B a,fEG
a#p a#p
(2.31) S=Y0 ) o a(GIB)ok1(Gla)W,
1€B o,BeG
a#p

As Wigo = Wop; on the standard S™ (recall that Wyg = uapg + dapu). We have

ZZJ’“ o (Wlap)W, 5@ 22 Z 01-1(G|B)ok—1 (W)W,

1€EB a#p a=14ieB,peG
22 Z O1—-1 G’Ct Ok— 1(G‘Oé) aaz
1€B aeG

We note that oy, (W |afB) ~ o (G), Vo, 8 € B, putting the previous inequality into (2.29),

> 0P bap S (@D (i — ko) =D > oha(GlaB) Waai Wil

a8 i€B i€B a,BeCG
B
—23" 3" o1 (Gla)or- 1 (Gla)W iy
1€B a€eG
k+1¢?
(2.32) =@ Y lpii — =T — k| + I + Iy
ieB koo

where

=S (O S (Glojo i (Cla)2),

k
i€B ® aeG
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and
2
Z{al(G)[&— Z ok—2(Glap)WaaiWpsi]
icB Y apeG
a#B
=Y 01-1(Gla)or-1(Gla) Wi}
aeG
For : € B,
(2'33> Z Z Ok—1 W‘Oé aai Zak 1 G|a aai-
aEB aeG acG

It follows that for any i € B,

2 Z Ulc 1 G|a aaz+ Z Ok—1 G|a)ak 1(G|B)Wo¢azwﬁﬁz
aceG a,BeEG
a#p

By Corollary 10, I < 0
By homogeneity of o (W) and (2.33),

1 1
L ~ ?(ZO—ZZ (G)Uk 1(G’C¥) aaz Zal 1 G‘O‘ Ok— 1(G’O‘) aon
¥ aceG acCG
= ZUZ 1 G|05)Waao'k 1(G|Oé) aon ZJZ 1 G|O‘)Jk 1(G’Oé) aon
(’0 acG aclG
<o Z a1-1(Gle)og—1(Gla)W3,;Wspok—1(G|B)
a,BeG
_ZUZ 1 G|Oé)0'k 1(G‘ ) aa'L
acG
~ Zgl 1 G’a)o-k 1(G|Oé) aaz ZUZ 1 G|a)0k 1(G‘ ) aaz
acG aclG
= 0.
The proof of the Proposition is complete. O

By Proposition 3 and Proposition 5, and compactness argument, we have

PROPOSITION 4. Suppose u € C*(S") is a solution equation (2.1) with W, > 0. Sup-
pose ¢ satisfies condition (2.9), then there is C > 0 depending only on n, ||¢||cz, infsn ¢
such that

Wy(z) > CI, VzreS"

3. The Weyl problem, curvature estimates for immersed hypersurfaces

The Weyl problem [34] concerns the isometric embedding of positive curved surface
(S%,9) to R3. The problem was solved by Nirenberg in his landmark paper [23]. Prior
to Nirenberg’s work, Lewy [16] solved the problem when the metric g is analytic. The
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Weyl isometric embedding problem in hyperbolic space was considered by Pogorelov [26],
he also considered isometric embeddings of (S?,g) to general 3-dimensional Riemannian
manifolds [27]. Aside from geometric interest, such type of isometric embedding to general
Riemannian manifolds has connections with quasi local mass in general relativity [2, 31,
19, 20, 32, 33].

As usual, one employs the method of continuity to obtain the isometric embedding.
The openness is related to the infinitesimal rigidity, which is established by Li-Wang [17]
for general ambient space. Here we only concentrate curvature estimates obtained in [10]
for immersed hypersurfaces in warped product ambient space. This type estimate is valid
for general dimensions and in degenerate case. For n = 2, there is also a work by Lu [21]
where some refined estimates are proved for embedded surface (M2, g) in (N3,g) using
Heinz system when the extrinsic scalar curvature is strictly positive.

A warped product space is a manifold (N"*! g) for n > 2 equipped with warped
product structure, where metric is of form
(3.1) g = dr? + ¢*(r)dog.,
where ¢(r) is defined for r > ro > 0 and do2, is the standard metric on S™. ¢(r) =r, ¢(r) =
sinhr and ¢(r) = sinr correspond to space form R"*! H"+! and S"*! respectively.

Let (M™, g) be an isometrically immersed hypersurface in an ambient space (N"*!, g)
for n > 2. Denote Ric and Ric the Ricci curvature tensors of (M, g) and (N, g) respectively,
and denote R and R to be the scalar curvatures of M and N respectively. Fix a unit normal
v locally, let k;,7 = 1,--- ,n be the principal curvatures of M with respect to v. We call
o2(K1,- -+, Kkp) the extrinsic scalar curvature of the immersed hypersurface. It is clear
that it is independent the choice of unit normal v as o3 is an even function. The Gauss
equation yields,

(3.2) o2(K1, -, kp) = %(R — R) + Ric(v,v).

From the isometric immersing, one has C! estimate directly. We prove C? estimate

by establishing the following curvature estimate of immersed hypersurafces in (N"*1, 7).

THEOREM 6. Let (N, g) be a warped product space where g defined as in (3.1). Denote
P (p) = % and ®(p) = [§ ¢(r)dr. Suppose X : (M™,g) — (N,g) is a C* immersed
compact hypersurface with nonnegative extrinsic scalar curvature and qS/ > 0 in M, then
there exists constant C' depending only on n, ||gllcaar), 19llcaciry (where M is any open

set in N containing X (M)), sup,ep ®(X () and infyeps ¢ (X (2)) such that

(3.3) meMIEg}lc,...,n |ki(X(z))] < C.

When (N"*1 ) is the standard Euclidean space R™"! estimate (3.3) was proved in
[10] for n = 2 and in [18] for general n with an explicit constant for embedded hypersur-
faces with nonnegative sectional curvature. Estimate (3.3) does not depend on the lower
bound of o2(k). We treat equation (3.2) as a degenerate fully nonlinear equation.

Let’s denote R;jx; and Rapeq to be the Riemannian curvatures of M and N respectively.
For a fixed local frame (ej,---,e,) on M, let v be a normal vector field of M, and let
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h = (hij) be the second fundamental form of M with respect to . We have the Gauss
equation and Codazzi equation,

(3.4) Rijr = Rijkl + hikhjl — hilhjka (Gauss)

(3.5) thij = vjhik + Rm‘jk- (COdCLZZi)

The convention that R;j;; denotes the sectional curvature is used here.
Take trace of the Gauss equation,

Ric(i,i) = Ric(i,1) “’W+Z iihjj —

and the scalar curvature of M is,
R = R — 2Ric(v,v) + 202(h).

Set
(3.5 Flav(a) = T ZIEED) | g @), v(a)),
we can write
(3.7) oa2(h(z)) = f(z,v(z)), Vo € M.

LEMMA 7. Let H = Trh, then
(3.8) |Agf(z)] < C( Z |hij(x)]” + |VH| + 1),

for any v € M, where C' depends on HgHC4 and ||gl|ca-

PROOF. Vzy € M C N, fix a local orthonormal coordinates (z1,--- ,x,) at z9 € M,
a local orthonormal coordinates (Xi,---, Xp11) of 29 € N. We may view Ric locally as
a function in C?(N x R x R*"™1). For each X fixed, Ric(¢,n) is a bilinear function of
& neRML

Denote X7* = oX° o — X2 and denote Ric, = 8ch Direct computation yileds

Oxy "t ox?
Rii — Rop X2 X — Ry X2 8%y ov v
W = : “ 42 ’ 2
f. 5 + RZC(@ZEQ >+ ch(a a%)
. o ;. ov a5 P
+Ricy(v,v) X} + 4Ric, T X'+ Ricop(v,v) X X .
Since
ov 0%v
87.%' = hijej, @ = hijiej — h?jy,
and
ox« 02X«

< < gl +1).
G| SC 1| S O sl +1)

J
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Thus, by Codazzi equation
fii = 2 Z hmhszzc J k) —2 Z h2 Ric(v,v) +2 Z hiin_ic(j, v)
J

(3.9) -0 Z \hij| + 1)

Sum over i, (3.8) follows directly. O

We need one more lemma.

LEMMA 8. Suppose the second fundamental form (hi;) is diagonalized at xg, assume
hi1 > hag -+ > hup and o1 > 0, then either H <1 or |hy| < 7= for i1 # 1, where C is a
constant depending only on ||g||cz, |9]lc2-

PROOF. Suppose that H > L, then huy > I > 1. By Ganss equation (3.4), [huhii] =
|R1:1; — R1i1s] < C, we deduce that |h;| < h% .
3.1. Proof of Theorem 6. Suppose (N, g) is a warped product space with an am-
bient metric g as
(3.10) g =dp’ +¢*(p)dsg

where dssn is the standard induced metric in S™, p represents the distance from the origin
The vector field V' = ¢(p )— is a conformal Killing field in N. Denote ®(p) = [ &(

PROOF. Denote by x(x) = (k1(x), -, kn(x)) the principal curvatures of x € M. Set,
P
=log|H| + a—,
m
where H = o1(h) is the mean curvature, m = inf ey ¢’ (X (x)) and « is a positive constant

to be determined later. Suppose ¢ attains maximum at xzg. Without loss of generality,
we may assume |H|(xo) > 1, otherwise there’s nothing to prove. With a suitable choice

of local orthonormal frame (ei,--- ,e,), we may also assume H(zg) > 1 and h;j(zo) is
diagonal so that x; = hy;.
At Zo-
hii P,
(3.11) gOiZZIHZ—i-OzWZ:O,

Sihuwi (O hu)? Oy
12 e — -
(3.12) ¥ 7] 72 +a .

Commuting the derivatives,

(3.13) huii = han — hishy + hihii + hy Rig + hii Ragi + ViRi, + ViR -
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Put (3.13) into (3.12), at =,
o8 (i — hhy + hy R + hi R + ViR + ViR )

ton = 3 !
+2fhz2; oy (0 hai)? +aU§i¢ii
H H? m

It follows from equation (3.7),

(3.14)

_— 3 s
o5 hiik = fes 03 hiikk + 057 h

Identity (3.14) becomes,
il — Z oy (huRii + hiiRaii + ViR + ViRiw) — 05" hygihrsi
2 Pii H

quhrsk = fkk

l
o (3 hu)? | ob®y  2fhj

Q(ZZQZZZ) +a 2 zz_|_ fll+@-

H m H H

As |ViRijky|, Vi, j, k < n are controlled by H, and 0 < ol < CH, at xo,
0> > (fu — 5" hpquhyst) _glip2 0% (321 hui)® 4 aaéiq)ii

- H 2T H? m
where C' is a constant depending on n, ||g|/c4, ||g|lc+. In the rest of the proof, we denote

C' as a constant under contorl, which might change from line to line.
Replace ®;; by ¢'(p) — hyu in (3.15),

1 rs i o (32, hui)?
0z 7 (Z (fu — o3 hpqlhrsl)> — o5 hy; — %

ii )2
—oyhi; —

(3.15) — CH,

HA\S
(3.16) +a—C)H - c%‘z’.
By Lemma 7 and (3.11) and the assumption H > 1,
205 hpghest o 08 (30 hu)? g
. > (a— - —olip} — 2t T T
(3.17) 0> (a—-C)H i oy hy; j7e C -
Note that
(3.18) —05 " hpgihrst = = > (hppiligar = hog),
p#q

It follows from Lemma 11 that,

_ Z hpplhqql > mln{—2w’ O}

g1
P#q
Together with critical condition (3.11) and the definition of oo,
o
(3.19) = hypihgq > ~C—H

p#q
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Combine (3.18), (3.19) and (3.17)

h? g i hii)?
0> Z1osf'éq pal oih — 92 (212 i)

o7 +(a—C)H — C

As >4 hjjhi; is bounded by Gauss equation (3.4). Thus

Zhu > hjjhi) < (JZ |hii| < CnH.

i=1 jFi
Therefore,
500 hui)? g
(3.20) 0> — thl — ’ Y+ (a—C)H — .
p#q
By lemma 8, 0! < &. Critical equation (3.11) yields
_H; ta 0¥ _ 0
T m '

We have

H 2 212
o3t <Hl> < 0222.

2 ii
0 > 2ptaMoa 3 oy (3 hui)®

By Codazzi equation (3.5),

2
H A H
a¢ a2¢2
21 H—
(3.21) Ha—OH —C— — Cprsy
> Zl;&i 2h12[7; B Z 02 (Zl hl2li + Zp;ﬁq hppihqqi>
- H i#1 H?
a¢ a2¢2
H - .
+(a—-0C) C’ CHm2
It follows from (3.19) that,
Uéi (Ep¢q hppihqqi) ) ag
(3.22) -> - >-CY of— > -C—.
Pt H P mH m

Insert (3.22) into (3.21),

O_iihQi ¢ 2¢2
o>722h”, Z%H ~C)H — cffc :
l#1 i#1
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By Lemma 8, o4 <H+C for i # 1, we have

(1+ £)h;
= Z hiii = Y %

l#1 i#1
Ck2¢2

ag
+(a—C)H — C T

-C

We deal with iz . Again by Gauss equation (3.4),

hitihii + hi1hiii = Ruiig — Riivig

Thus Vi # 1,
h%.  2hih3,. +C h? C
9 411 < 114 < 111
(3.23) H — Hh?, C H3
In turn,
(3.24) 0> 501~z + (a-oym cﬁ—c ¢
* — H H2 i m

1#1

Choose a big enough, we have H < % at the maximum point of ¢. Since ®(z¢) —

min® > Co¢(p), we have H < Cler (®(zo)—min @)
As

Zf@? = H?(k) — 209(k),

we obtain a bound on the principal curvatures. The proof of Theorem 6 is complete. [

The curvature estimate in Theorem 6 also holds for a general class of Riemannian
ambient spaces [12].

4. Appendix

We collect some technical lemmas here.
First is an algebraic lemma [13] regarding the elementary symmetric functions.

LEMMA 9. For 1 <k <I, A= (\,...,\)) and with \; > 0, for 1 <i <1, Va # 8 and
for all real numbers ~v1, ..., v,

> ox(Me)or-1(Na)or-1(Aa)y2

(4.1) > ai(N) Y (k1 (MaB) — ax(MaB)or—2(AaB))rars.
a8
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Proof: For fixed a,
> {01 (MaB) = Asor(MaB)oy—2(AlaB)}

B
=Y _lor-1(AaB)or(Na) — op(Alas)(or-1(Aas) + Agor—2(Alas))]
B
=Y lon-1(AaB)or(Aa) — op(Aap)og_1 (Ala)]
B
= ok (M)[(l = K)op1(Ale) = (I = k = 1)og—1(Ale)]
(4.2) = orp(Na)og_1(Aa).

By the Cauchy inequality and (4.2) to prove (4.1), as
a1(A) = AaAgoi—2(AafB), Va # 3,

we have
a1\ Y071 (MaB) — ox(NaB)or_s(NaB) e
i
= {or2(MaB)o?_y (MaB) — or(MaB)or-a(AaB)]H Asra) (Aas)
ol
A2 4 A2A2
< 3" {or2(NaB)of 1 (NaB) — ox(Naf)os 2(Naf))} ===
s
=" oa(MaB)Aslof_1 (AaB) — ox(MaB)ow—a(AaB) Ayl
s
=Y o1(Ma) Y Asloi_i(MaB) — ox(MaB)os_s(NaB)ha
o B,8#a
=Y oMo (A)or_i (A2,
This completes the proof of (4.1). O

The following corollary [11] indicates certain convexity of the k-th elementary sym-
1

metric functions in I';,, in contrast to the concavity property of a,f which was used in the
proof of C? estimate for admissible solutions.

COROLLARY 10. For A = (A1,---,\) € R with \; > 0,¥j =1,--- 1, for 1 < k <1,
set n(A\) =logog(A). Then

on . _
7775@)%/75 +ZaTn)‘a17i >0, Yy=(n, )R,
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ProOF. By Lemma 9,

2 6277 o 1 9
a8 o o o

=Y [01(G)o1-1(Gla)oi-1(Gla) — or(G)aji_y (Gla)]va
+oi(N) Z[Uk()\)ak—2()\|a5) — op—1(A|a)or—1(A|B)] Va8

a7ﬁ
o

= Z ()‘k()\’a)(fl_l()\‘Oé)o-k—l()"a)/ygz

101 Y lox(MaB)oi-2(AaB) — o1 (Alas)ars

a7ﬁ
a#p

>0.

The next is a refined concavity property of oo ([9, 12]).

LEMMA 11. Let W(x) = (Wij(x)) be a 2-symmetric tensor on a Riemannian manifold
M, suppose that p € M, W (p) is diagonal, 0 < oo(W (z)) € C in a neighborhood of point
p, and o1 (W (p)) # 0. For each m =1, ...,n, denote

Wm(p) = (vmWH(p)v to 7VmWTm(p))

then at p,

. Vino2(W)Vua1(W)  (Vimo1(W))?a2(W)
(4.4) —09(Win, Wi,) > min{—2 o (V) +2 20V ,0}.
and

Vio2(W)V o1 (W) n (Vinoa(W))209(1, 1)

oy (Win, W) > min{—2 () W) L0}

PrROOF. We first prove
Claim: Suppose that W,V satisfy o1(W) # 0, o2(W) > 0 and oo(V,W) = 0, then
ag Q(V, V) < 0.

We may assume o1(W) > 0 by switching W to —W if necessary. The claim follows
from the hyperbolicity of o9 in 'y (see [8]) if o2(WW) > 0. The degenerate case oo(W) =0

can be dealt as follow. Set W =W +el and V. =V — % Since o1 (W) > 0,

Ve > 0, W, € I'y and o9(W,, Vi) = 0. By the hyperbolicity of oy in ', o2(Ve, Vi) < 0. The
claim follows by taking € — 0.

Denote Wy, = (V,,Wii) and Vy,o0(W) = (02(W))m. If 02(W(p)) = 0, then at p, we
have 0 = (02(W))m = 02(Wi,, W). By the assumption and the claim, oo(Wy,, Wp,) < 0
at p.
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If o3(W (p)) > 0, we have W (p) € Ts. Set, V = W,, — Z205E) T So, o0y(W, V) = 0.
By Garding [8] o2(V, V) <0, that is ,
02(VV7 Wm)UQ(Wmv I) + G%(W7 Wm)UQ(L I)
o2 (W, 1) oW, I)
As O’Q(VV, Wm) = va'Q(W) and UQ(Wm,I) = (n — 1)vm0'1(W),
VoWV o1 (W) (Vmoo(W))2oo(I,1)
o1 (W) a3 (W, )
This fulfills the second inequality. Now let’s prove the first inequality. At point p, If
01(Wp,) = 0, then oo(W,,, Wp,) < 0. Suppose now o1 (Wy,) #0, let V. =W,, — U(;I(Z/VW’}S)W,
then o1 (V) = 0, thus o2(V, V) <0, i.e.

0 > O'Q(V, V) = Uz(Wm,Wm) -2

*Ug(Wm, Wm) Z —2

0> 03(V, V) = s (Wyns W) — 22t W) 72V, W) (WinJora (W, W)

o1 (W) ot (W)
In turn,
Vino1(W)Voo(W) (Vo1 (W))202(W)
—oo(Win, Wi) > —2 2
2o ) 72 (W) W)
The lemma is now proved. g

The next lemma is due to Nirenberg-Treves [24].

LEMMA 12. Let f > 0 be a C? function on a Riemannian manifold M, then if OM # 0,
2|[flle2any (1 + d(z,0M))

(45) Vi@ < 0z, 900) f(@),Va € M;
if OM = ),
(4.6) VF@)* < 2 flle2an f (), Yo € M.

PROOF. We may assume f > 0 by working at f. = f + € for € > 0 if necessary. For
each point z, pick any r > 0 such that r < dist(zg,0M) if IM # 0. Set B,(xo) = {z €
M|dist(z,zo) < r}.

Let’s first assume dist?(z,xq) is smooth in B,.(xq), Define p(z) as follows:

p(x) = r® — dist*(x,z0), x € B,(20); p(x) =0, otherwise.

—~

2
Consider function plvfl , it is compactly supported in M™. Thus it must have a

—

maximum point in B, (zp) and we may assume it is positive. The maximum is attained
interior, as p = 0 on 0B, ().

At the maximum point p, let e; be the direction of gradient of f, i.e. |V f| = fi, we
have

L 2fufi  f

PR I
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Thus

2
(4.7 pffl<p> = 2fup + ooy < 2\ flleanr(l 1),
That is,

2 1+

I (o) < 2 fllewian
If OM # 0, let r — dist(z,, OM), it 9M = (), let » — oo, the lemma is verified since zg is

arbitrary, provided that p is C'.

Function p may not be C! in general, but it is a Lipschitz function since |Vdist(x, zq)| =
1. As B,(xy) CC M, we may approximate p by smooth nonnegative functions ps in
C%Y(B,, (o)) with supp(ps) C By with r5 — 7 and B, — By(z0) as § — 0. Replace p
by ps, and repeat the same argument as before, then take § — 0. U
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